“Naive” Information Aggregation
(Consensus and Averaging)
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e Simple updates, such as: z; ‘=



Social sciences

Merging of “expert” opinions
Evolution of public opinion

Evolution of reputation

focus on modeling, analysis (descriptive)



Engineering

Fusion of individual estimates
Distributed Kalman Pltering
Distributed optimization
Distributed reinforcement learning

Load balancing and resource allocation
Clock synchronization

Reputation management in ad hoc networks

Network monitoring

Coverage control

Monitoring

Creating virtual coordinates for geographic routing
Decentralized task assignment

Flocking
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e Markov chain theory "#  convergence of A!

Convergence time (time to get close to “steady-state”)
Equal weight to all neighbors
Directed graphs:  exponential( n) Undirected graphs: O(n?), tight

ALD ooy

Better results for special graphs
(Erdes-Renyi, geometric, small world)

©(n?) for line graphs
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b
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Averaging algorithms

e A doubly stochastic: 1’Ax = 1'x
P positive diagonal
nonzero entries are >! > 0

b
P convergence to x* = X1(0)+°r°]'+><n(0)
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convergence time = O(n?/ &)
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e Dbidirectional graph, natural algorithm:

1

2n neighbors j

a ~ convergence time = O(n°)

1
n

ring: O(n?)
Conjecture: any doubly stoch. on ring is | (n?)



A critique

e Social Networks

— OThe process that it describes is intuitively appealing.O

— How plausible is this type of synchronism?

e ENngineering

— If the graph is indeed Pxed:
elect a leader, form a spanning tree, accumulate on tree

— Want simplicity, and robustness w.r.t. changing topologies,
failures, etc.

— Di fferent models and specs?



Time-Varying/Chaotic Environments

e i.i.d. random graphs: same (in expectation) as fixed graphs;
convergence rate '# “mixing times”

e Fairly arbitrary sequence of graphs/matrices A(t):
worst-case analysis

Xi(t+1) = > aj ()xj(t)
]

a;j(t): nonzero whenever : receives message from j

x(t+1) = A@t)x(t) (inhomogeneous Markov chain)



Convergence result

zi(t +1) = Y ai;(8)z; (1)
J

a;;(t) > 0; aij(t) >0 aij(t) " a>0

“strong connectivity in bounded time":
over B time steps “communication graph”
IS strongly connected

Convergence to consensus:
#i: x;,(t)$ x”=convex combination of initial values

Oconvergence timeO: exponential in n and B



Averading in Time-Varying Setting

o X(t+1)=A(t)x(t)
— A(t) doubly stochastic, for all t

— 0(n?/ &) bound remains valid!

¥ Improved convergence rate
— exchange “load” with up to two neighbors at a time
— can use a = 0O(1)

— convergence time: O(n?)
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o X(t+1)=A(t)x(t)
— A(t) doubly stochastic, for all t

— 0(n?/ &) bound remains valid!

¥ Improved convergence rate
— exchange “load” with up to two neighbors at a time
— can use a = 0O(1)
— convergence time: O(n?)

e Averaging in time-varying bidirectional graphs: O 2
no harder than consensus on fixed graphs (TL )

e Is there a! (n?) bound to be discovered?
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b Anonymous nodes, all running same code
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e Deciding majority when x;(0) € {—1,1} [is average> 07]
b Do it without moving real numbers around?
b Impose memory limitations
b Fixed but unknown graphs
b Anonymous nodes, all running same code

e ldea: move —1s and +1s around
P cancel them when they meet
P see what is left

e Randomized algorithm possible
B one bit of extra memory (plus needs for randomization)

e Deterministic O(n?) algorithm possible
— use O(log(degree)) bits at each node

— is this memory unavoidable?
— Can the time be improved?



Closing Thoughts

Engineering
e Bayesian versus naive

— Bayesian: when we have
reasonable statistical assumptions

— Naive: when we know what we want to compute
and it is a simple function

— Pose models of computation and find the best possible

Social Networks

¥ What are the plausible models?
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